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ABSTRACT 

Consider  the  nonl inear  neu t ra l  difference equat ion  

/k[xn -p~g(xn-k)] ÷qnh(xn-l) = 0, n E N. 

We es tab l i sh  a l inearized osci l la t ion theorem which is a discrete resul t  of 

the  open problem by Gyori  and Ladas.  

1. I n t r o d u c t i o n  

The linearized oscillation theory for the first order nonlinear neutral differential 

equation 

(1) d [x ( t )  - p ( t ) g ( x ( t  - T))] + q ( t ) h ( x ( t  - a )  ) = 0 

has been established by Ladas and others [4, 7]. As we have seen in [4, 7], it 
seems that  the following assumption, 

limsupp(t) -- P0 • (0, 1), liminfp(t) -- p • (0, 1), 
t --+c<) t---+oo 

is always assumed to hold. Therefore, Gyori and Ladas proposed the following 

question in [4, Problem 6.12.7]: Obtain linearized oscillation results of Eq. (1) 
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when the coefficient p(t) < 0 for t _> to or p(t) _> 1 for t _> to. The  linearized 

oscillation results  of Eq. (1) have been obtained by Chen and Yu in [2] for the 

case where limsupt_+~p(t ) = P0 E (1,oe),  and by Yu and Wang in [8] for the 

case where l i m t - , ~ p ( t )  = P0 E ( - o c , - 1 ) .  But  there are no results for the case 

where l i m t ~ o  p(t) = 1, therefore we establish a discrete result for this case. 

Let  Z denote  the set of all integers. For given a ,b  E Z with a < b, define 

N(a) = {a,a + 1 , . . . } , N  = N(0)  and N(a,b) = {a,a + 1, . . . ,b} .  

Consider the difference equat ion 

(2) A[x,~ - P,~g(xn-k)] + q,~h(x,~_l) = O, n E N, 

where z~ denotes  the forward difference opera tor  defined by AZn = Zn+l -- Zn, 
{Pn} and {qn} are sequences of nonnegat ive real numbers ,  

(3) k, l E N ,  k > l ,  g, h E C [ R , R ] .  

Moreover,  we assume tha t  

(4) lira Pn = 1, lim qn = q E (0, oo), 
n -~). o o  n --)-oo 

(5) ug(u)>O, f o r u ¢ 0 ,  l im3(g'u'  = 1 ,  lim g ( u ) _ l ,  
u-~0 u lul~oo u 

(6) uh(u) ) 0 ,  f o r u ¢ 0 ,  lim~(h'u--~ = 1 ,  lim h(u) _ 1 .  
u--+0 u lul~oo u 

We obta in  the following theorem which is a discrete result of Eq. (1) for the case 

where limt--+oo p(t) = 1. 

THEOREM 1: I f  (3), (4), (5) and (6) hold, then every solution of Eq. (2) oscillates. 

As an appl icat ion of Theorem 1, we consider the following difference equation: 

(7) A [ x n  - png(Xn--1)] Jr q n h ( x n - 2 )  = 0 ,  

where 
n 2 + 1 2(2n 2 + 4n + 1 ) ( n -  1) 

Pn ~ (n  2 + 1) + (-1)n77, ' qn =- 7"~(77 -~- 1)(77 -t- 2) 

x(1 + x + x 2) 
g ( z ) -  1+x2 , h (x )=x .  
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It  is easy to see tha t  all the assumpt ions  of Theorem 1 are satisfied wi th  q = 4. 

Therefore,  every solution of Eq. (7) oscillates. In fact, x,~ = ( - 1 ) n + l / ( n  + 1) is 

such a solution. 

For the linearized oscillations of difference equations,  we refer to [3, 6, 9]. 

Set m = max{k , I} .  By  a solution of Eq. (2), we mean  a sequence {xn} of 

real numbers  which is defined for all n E N(no - m )  and satisfies Eq. (2) for 

n c N(n0) ,  for some no E N.  A solution {xn} is said to be o s c i l l a t o r y  if 

the t e rms  xn of the sequence are not eventually positive or eventual ly  negative.  

Otherwise,  the solution is called n o n o s e i l l a t o r y .  For the general background 

on difference equations,  one can refer to [1, 5]. 

2. P r o o f  o f  T h e o r e m  1 

Before proving the theorem,  we establish two lemmas  which are useful in the 

proof  of T h e o r e m  1. 

Consider  the linear difference equat ion 

(8) /k(x,~-px., k)+qxn-I=O, h E N ,  

where 

(9) k, l c N ,  k>_ 1, p, qE (0, cx~). 

LEMMA 1: Assume (9) holds and either 

(10) 0 < p _ <  1, q >  ( 1 - p l / k ) ( 1 - p ) ,  

o r  

(11) p> 1, q> (pl/k_ l)(p_ l)p Uk. 

Then every solution of Eq. (8) oscillates. 

Proof." I t  is well known [4] tha t  every solution of Eq. (8) oscillates if and only if 

the character is t ic  equat ion of Eq. (8) 

(12) (A - 1)(1 - VA -k )  + qA- '  = 0 

has no real roots.  It  is easy to see, by a simple computa t ion ,  if (10) or (11) holds; 

then  (12) has no real roots.  This  completes  the proof  of L e m m a  1. | 

The  following l e m m a  can be found in [9, L e m m a  2.1]. 
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LEMMA 2: 

is a posi t ive integer k* such that 

Pk*+ik ~_ l, i E N.  

I f  the difference inequality 
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A s s u m e  that  k, 1 E N,  k >_ 1, {p~}, {q~} are nonnegative,  and there 

are led to 

(15) 

Define 

l im x n = O  and lim z n = O .  
'~, ---)" O 0  r ~ ' - +  O 0  

Pn - p n g ( x n - k )  Q,~ -_ q,~h(xn-l) .  
X n - k  Z n - I  

A(y,~ - pnyn-k )  + qnY,~-I <- 0, n E N 

has an eventual ly  posit ive solution, then the corresponding difference equation 

A(xn  - P n X n - k )  + qnxn--l = O, n E N 

has an eventual ly  posit ive solution. 

Proo f  of  Theorem 1: Assume, for the sake of contradiction,  tha t  Eq. (2) has a 

nonosci l la tory solution {x~}. We only consider the case where {xn} is eventual ly  

positive. T h e  case where {Xn} is eventually negative is similar and the proof  will 

be  omi t ted .  Assume x~ > 0 for n E N(no  - m); let 

(13) z~ = x,~ - p,~g(xn-k).  

Then  

(14) Az~ = -q~h(x ,~- l )  < 0, n E g ( n o ) ,  

which implies tha t  {Zn}nEN(no) is nonincreasing. There  are two possible cases to 

consider. 

CASE 1: l i m n ~  Z~ = Z* E R. 

In this case, we know from (14) tha t  

lim q~h(x,~_,) = l i m  ( -  A zn) = O. 
n - - ~ o o  

Since lim~_~oo q~ = q > 0, we see tha t  lim~__~ h(xn_t)  = 0. In view of (6), we 
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then 

(16) lim p~.  lim g(u) = 1, lim Q,~ = lim q ~ - l i m  h(u) 
n - - + o o  u - + 0  U n - - + o o  n - - + c o  u - - + 0  U 

= q > 0 ,  

Thus 

z,~+k = xn~+k - p,~,+kg(xn~), liminfzn~+k > -g(x*) ;  
Z --~ OO 

lira P~ = 
n - - +  OO 

and Eq. (2) reduces to 

(17) A ( x n  - P,~Xn-k) + Q ~ x n - I  -- O. 

By (13), (17) can be rewritten as 

(18) A z n -  P~ t Qn A z n _ k  + Q n z ~ _ z = O .  
- Qn-k 

Choosing p 6 (0, 1), q0 = q/2 such that  

( 1 9 )  (1  - p ) ( 1  - pl/k) < qo, 

then there exists n* E N(no) such that  

(20) P~ l Qn > p ,  Q ~ > q 0  f o r n E g ( n * - m ) .  
- -  Q n - - k  - -  

Since z,~ > O, /~z,~ < 0 (n E N(no) ) ,  (18) yields 

(21) A z n  - p / ~  z n - k  + qozn-i  < O, n • N ( n  *). 

In view of Lemma 2, the corresponding equation 

(22) A z n  - p A z~ -k  + qoz,~-i = 0 

has an eventually positive solution, while from (19) and Lemma 1 we see that  

every solution of Eq. (22) oscillates. This is a contradiction. 

CASE 2:  limn-,co Zn = --OO. 

In this case, we have 

(23) lim xn = oc. 
~--~  oo  

In fact, if (23) does not hold, then there is a sequence of integers {n i}  such that  

X *  lim ni = oo, l im xn~ • R. 
/ - - + c o  z -  +0<) 
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this is impossible.  So (23) holds. 

Let  

Xn--k 

Q, = q~h(x,~-l). 
n 

Xn--I 

t h e n  

(24) lira Pg = lim v~-  lira g(~) - 1 ,  
~---+OO 4--+00 U--+ OO 

Choose P0 E (1, oo), q0 = q/2 such that 

(25) 

lim Q ;  lim qn lim h(u) 
n ~ o o  n---~ oo u ~ o o  U 

1/k ~, Ilk 
P0 - 1 ) ( p 0 - 1 ) p  o <qo. 

In view of (24), there is m* E N(no) such tha t  

(26) zm- < 0 ,  Pr~ < P o  and Q n > q o  f o r n E N ( m * ) .  

By the definition of P~, Q~, we see tha t  

* X  A ( ~ , ,  - R ; x , ,  k) + Q,~ ~-~ = 0. 

Summing  bo th  sides of this equat ion from m* to n - 1, we get 

n - - 1  

( 2 ' 7 )  X n P n X n _ k  Zm* q - ~  *X z - -  * - Qi i-1 O ,  

From (26), this implies 

n 1 

(28) x,~ - poxn-k - z~* + qo ~ xi-z <_ O, 

So 

n E N(m* + 1). 

n E N(m* + l). 

n4-k-1 

(29) xn >_ (xn+k - Zm" + qo ~ xi- t) /po,  n E N ( m  * - k + l). 
i=m* 

Define the  set of posit ive sequences 

(30) S =  { a =  {a,~}: - z m . / p o < _ a , ~ < x , ~ ,  n E N ( m * - k + l ) } ,  

and the m a p p i n g T o n  S as follows: For every a = {an} E S, b = f a  = {be} 

where 

{ a,~, n E N ( m * - k + l , m * - k + l ) ,  
n+k--1 

(31) b,~= (an+k-zm*  +qo ~ ai-z)/po, n E N ( m * - k + l + l ) .  
i=m* 
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It  is clear t ha t  T is monotone  in the sense tha t  if a, b • S, a _< b ( that  is a,~ < b~ 

for n • N ( m *  - k + 1)), then  T a  <_ Tb. Let x = {x,~}ncN(,~*-k+l); (29) implies 

T x  <_ x,  so a • S implies T a  < T x  <_ z .  Obviously, (Ta)n >> - z m * / P o .  Therefore  

T: S--+ S.  

We now define the following sequence on S: 

y ( 0 ) = x  and y ( ~ ) = T y  (s- l )  f o r s = l , 2 , . . . .  

By induction,  we know tha t  the sequence {y(~)} of elements  of S satisfies 

--Zm"/Po ~-- ~](s+l )  ~ y(ns) ~ Xn f o r  1~ • N(?Tt*  - -  ]g -t- 1). 

Hence 

Yn = lim y(~), n • N ( m *  - k + 1) 
8 ---~ OO 

exists and y = {Yn}neN(m* k+l) • S. Also T y  = y, tha t  is 

Yn = (yn+k - zm* + qo 

n+k-1 

Yi-z)/Po,  n • N ( m *  - k + l ) ,  
i~Tn * 

which is to say t ha t  {yn} is a posit ive solution of the difference equat ion 

(32) A ( X n  - PoXn-k )  -[- qoxn-I = O, n E N ( m *  + 1). 

However,  f rom (25) and L e m m a  1, we see tha t  every solution of Eq. (32) oscillates; 

this is a contradict ion.  

The  proof  of Theo rem 1 is complete  by combining Case 1 and Case 2. | 
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